Abstract. This paper addresses some topological and analytical issues concerning Sobolev mappings between compact Riemannian manifolds. Among the results we obtained are unified proofs of various generalizations of results obtained in a recent work of Brezis and Li. In particular we solved two conjectures in [BL]. We also give a topological obstruction for the weak sequential density of smooth maps in a given Sobolev mapping space. Finally we show a necessary and sufficient topological condition under which the smooth maps are strongly dense in the Sobolev spaces. The earlier result, Theorem 1 of [B2], was shown to be not correct.
Introduction
Here we give a brief exposition of some results shown in our recent work [HL] . Let M be a compact smooth Riemannian manifold with or without boundary, and N be a compact smooth Riemannian manifold without boundary. We shall always assume that M and N are connected and N is isometrically embedded in R l for some large l. For any 1 ≤ p < ∞, we consider the space of Sobolev mappings Whether the above inclusions in (1.2) are strict or not is a difficult question and it has been studied by various authors. For the case M = B 3 (a ball in R 3 ), N = S 2 and p = 2, it was shown in [BBC] (see also [BCDH] for some generalizations). Recently, Hardt and Rivière [HR] proved a necessary and sufficient condition for maps to lie in H 1,3 S B 4 , S 2 in terms of certain mass of "minimal connections". For the general manifolds M and N , some remarkable results were first established in [B2] (see [H] for an alternative approach of the main results of [B2] under some additional topological conditions). Recently some important progress was made in [PR] for sequentially weak closure of smooth maps and "minimal connections". We now turn to the question related to the topological information carried by maps in N ) respectively. It was shown in [SU] that any map
, a homomorphism between cohomology classes. We also note that Burstall [Bu] proved W 1,2 (M, N ) maps induce conjugate classes of homomorphisms of π 1 (M ) → π 1 (N ), and Schoen-Yau [SY] showed that one can define conjugate classes of homomorphisms of π n−1 (M ) → π n−1 (N ) for W 1,n (M, N ) maps. The first systematic approach to these issues was due to White [W1] and [W2] . He proved, in particular, the following facts [W2] that this definition does not depend on the choices of the generic skeletons. We also recall (see [BL] ) that for any 1 
the notations and maps are understood similarly as in Proposition 1.1.
We note that Theorem 6 of [BL] is contained in the above corollary. For the path connectedness of
We note Proposition 1.2 covers Theorem 2, Theorem 3 and Proposition 1 of [BL] . Recall that for any p > q ≥ 1, we have a map i p,q :
defined in a natural way (see [BL] ). Then we have a positive answer to the Conjecture 2 (and 2 ) of [BL] .
Proposition 1.3. Let M and N be compact connected Riemannian manifolds without boundary
We now turn to the question whether a given map u ∈ W 1,p (M, N ) can be connected to a smooth map by a continuous path in 
Naturally we conjecture that the topological condition in Theorem 1.2 is also sufficient for u to be in H
Similarly we conjecture the topological condition in Corollary 1.2 is a sufficient condition for H 
We note Corollary 1.3 implies Theorem 5 of [BL] . Finally we come to the question of strong density of smooth maps in W 1,p (M, N ). [p] , N has a continuous extension to the whole M .
Theorem 1.3. Let M and N be compact connected smooth Riemannian manifolds without boundary,
Remark 1.1. In [HL] we show that the topological condition in the Corollary 1.4 (similarly for Theorem 1.3) is also sufficient for H
We note that a necessary condition for the topological condition in Corollary 1.4 to be valid is that π [p] (N ) = 0. However π [p] (N ) = 0 is not sufficient to guarantee that every f ∈ C M [p] , N has a continuous extension to the whole M (see discussion in Section 3 below). This implies in particular the main theorem in [B2] has to be correctly modified.
The paper is written as follows, in Section 2 below we sketch the ideas for proving these results. Section 3 contains all the necessary counterexamples. In Section 4, we shall generalize these results to the case when M has a nonempty boundary.
Sketch of ideas
For several results described in the introduction, parts of the proofs follow from the previous work of B. White [W1] and [W2] . As in [W1] and [W2] , the homotopy extension theorem (cf. [Hu] , p. 13) plays a crucial role in our proofs. The homotopy extension theorem says that if A ⊂ B are nice subsets of an Euclidean space and if H :
Here "A is nice" means it is a Lipschitz neighborhood retractor (see [F] ). Same property is true for nice pair A ⊂ B with Lipschitz replaced by continuous. Indeed this fundamental theorem is the starting point of homotopy theory. We first give the proof of Theorem 1.1. We need the following two simple lemmas.
Lemma 2.1. Let N be the same as in Theorem 1.1, 1 ≤ p < n, u be a map in 
Since p ≥ k + 1, a simple approximation argument, Lemma 2.1 and Lemma 2.2 imply that we may assume u and v are Lipschitz on M k+1 and that on each simplex of dimension higher than k + 1, u and v are simply homogeneous degree zero extension, with respect to their barycenters, of their values on the boundary of the simplices. What these statements mean is simply that u and v can be connected by continuous paths in W 1,p (M, N ) to maps with described properties above. Next, since u and v are homotopic on M k , by homotopy extension theorem ( [Hu] , p. 13) and the boundary determination principle similar to those in Lemma 2.1 and Lemma 2.2, we may further assume that u = v on M k . Again the last statement means u can be connected to a map with this property by a continuous path in W 1,p (M, N ). By pushing in on each k + 1 simplex we may assume for any k + 1 simplex σ, u| σ\B δ (x 0 ) = v| σ\B δ (x 0 ) , here x 0 is the barycenter of σ and δ is a tiny number. σ is the face of several k + 2 simplices, namely
, for which the product we mean going in the τ i in the normal direction by ε length, ε is another tiny number. Let 
, N , and u = v on σ. As before we may do homogeneous degree zero extension forũ on higher dimensional simplices. By this way we still call the resulting map as u, then we know u| σ = v| σ . By doing this process of deformations on all the k + 1 simplices we may assume u| M k+1 = v| M k+1 . The latter fact clearly implies u ∼ p v. This proves that u and v being homotopic on [p] − 1 skeleton is a sufficient condition for u ∼ p v.
Next we recall the following results proved in [W2] , especially Proposition 3.3 and Theorem 3.4. Let N be isometrically embedded in R l . Then given any K > 0, there exists a ε = ε (p, K, M, N ) > 0 such that for any two maps Proof of Proposition 1.2. By Proposition 1.1 it suffices to verify that for a triangulation of M , there is only one element in C M [p] Hence for any generic
Since v is a smooth map on M , by the homotopy extension property we may find a continuous extension of u| M [p]−1 to M (see p. 13 of [Hu] ).
On the other hand, if there exists a generic (M, N ) , then there exists a sequence of smooth maps, namely
by Sobolev embedding theorem we know u ∈ C M [p] , N and u j | M [p] ∼ u| M [p] . Now it follows from homotopy extension property that u| M [p] has a continuous extension. If p ∈ Z, we just take u j | M p as f j .
Counterexamples
From Corollary 1.2 we see that when 1 ≤ p < dimM , a necessary condition for H
. This condition is also necessary and sufficient for every map in W 1,p (M, N ) to be connected by a continuous path in W 1,p (M, N ) to some smooth maps. One realizes at once that there are obstructions for such a topological statement to be true. Indeed one may find many elaborate examples by the so called obstruction theory in classical homotopy theory (see [Wh] ). Here we shall deduce the existence of such examples by the following This statement may be well-known in topology though we are not aware where one can find a proof. We thank Sylvain Cappell for showing us a simple proof by the cellular approximation theorem (cf. [Wh] , p. 77). By Proposition 3.1, we see the condition for any smooth triangulation of M , any f ∈ C M [p] , N , f | M [p] −1 has a continuous extension to M is equivalent to say for a given CW complex structure
can be extended to a map in C (M, N ). Though smooth triangulations are favorable for analysis, it is much easier to do homotopy theory with CW complex structures. Now we give an example (due to S. Cappell and F. Bogomolov) which says the latter cannot always be done. We start with the natural CW complex structure of CP n , CP 0 ⊂ CP 1 ⊂ · · · ⊂ CP n with the obvious attaching maps. By the standard fibration CP n = S 2n+1 /S 1 we see π i (CP n ) = 0 for all 0 ≤ i ≤ 2n − 1 and i = 2. Now given any m > n ≥ 1, we note the identity map i : 
We should note that it is not required in Corollary 4.1 that π n (N ) = 0. This is simply because when we do the last step of extension, we may push the topological obstructions out through the boundary. We note Corollary 4.2 covers Theorem 4 in [BL] . Finally we have similar results for strong density of smooth maps. [p] , N has a continuous extension to the whole M .
We refer the readers to our paper [HL] for the detailed expositions and proofs.
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